We discuss a method of numerically identifying exact energy eigenstates for a finite system, whose form can then be obtained analytically. We demonstrate our method by identifying and deriving exact analytic expressions for several excited states, including an infinite tower, of the one dimensional spin-1 AKLT model, a celebrated non-integrable model. The states thus obtained for the AKLT model can be interpreted as one-to-an extensive number of quasiparticles on the ground state or on the highest excited state when written in terms of dimers. Included in these exact states is a tower of states spanning energies from the ground state to the highest excited state. To our knowledge, this is the first time that exact analytic expressions for a tower of excited states have been found in non-integrable models. Some of the states of the tower appear to be in the bulk of the energy spectrum, allowing us to make conjectures on the strong Eigenstate Thermalization Hypothesis (ETH). We also generalize these exact states including the tower of states to the generalized integer spin AKLT models. Furthermore, we establish a correspondence between some of our states and those of the Majumdar-Ghosh model, yet another non-integrable model, and extend our construction to the generalized integer spin AKLT models.
I. INTRODUCTION
Many-body localization [1] [2] [3] [4] [5] [6] [7] [8] [9] has sparked a renewed interest in fundamental questions about thermalization in quantum systems. [10] [11] [12] [13] [14] [15] The quests to protect exotic equilibrium phenomena from thermalization [16] [17] [18] and realize them in a non-equilibrium setting 7, 9, 19 call for a deeper understanding of quantum dynamics. The dynamics of a quantum system is tied to the properties of all its energy eigenstates and not only to the ground state features. It is thus very important to have models where we know the analytical structure of the excited states in the bulk of the energy spectrum. Integrable models, including free systems, fall into this category but are unfortunately one of the two well known examples (along with the manybody localized states 4, 20 ) where the Eigenstate Thermalization Hypothesis (ETH) [12] [13] [14] [21] [22] [23] [24] [25] breaks down.
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Thus having some simple non-integrable models where a partial or complete analytical description beyond the low energy states is available, would be a perfect avenue to investigate the ETH.
For generic non-integrable systems, none of the energy eigenstates can be obtained analytically. However, the ground state is known exactly for some non-integrable models with local Hamiltonians. One such model is the one dimensional spin-1 AKLT chain, 27, 28 which was first introduced as a simple model to exemplify the Haldane gap in integer spin chains. Indeed, the ground state of the AKLT chain can be explicitly built and it belongs to the same universality class as that of the spin-1 Heisenberg model. Along with its generalizations to higher integer spin values, it is representative of the Haldane phase. 29, 30 The simplicity of the ground state of the AKLT model makes it one of the most elegant introductory examples for various concepts in condensed matter physics, including entanglement in spin-chains, [31] [32] [33] [34] [35] [36] matrix product state representations of ground states, [37] [38] [39] bosonic symmetry protected topological (SPT) phases in one dimension 40, 41 and even some aspects of the fractional quantum Hall effect. 42 Another example of a nonintegrable model with a ground state whose expression is analytically known is the Majumdar-Ghosh model, 43 a spin-1/2 Heisenberg chain with an extra fine-tuned next nearest neighbor coupling.
Beyond the ground state, very little is known about excited states. Even more difficult is the question whether excited states with a closed-form expression, that we dub exact excited states, exist in these non-integrable quantum spin chains. Exact expressions for any of the excited states, even the ones close to the ground state or the highest excited states would help in testing predictions and conjectures made, on general grounds, about the nature of eigenstates at the edges of the energy spectrum.
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Caspers et al. 48 and Arovas 49 have derived three and two exact excited states in the Majumdar Ghosh model and the spin-1 AKLT model, respectively. An obstacle to the discovery of new exact excited states is the lack of physical intuition regarding their nature. In this article, we propose to find possible simple excited states by looking at the entanglement structure of eigenstates obtained in finite size systems by exact diagonalization. By looking at the reduced density matrix of each individual eigenstate and targeting those having a low rank, we are able to unveil new exact excited states whose analytic expres-2 sions we then obtain. Interestingly, their energy is, most of the time, an integer or a rational number, given a suitable choice of the Hamiltonian normalization.
The paper is organized as follows. In Sec. II we review the spin-1 AKLT model and the construction of its ground state using the dimer basis. In Sec. III we introduce the concept of exact states, i.e. eigenstates having an analytic closed-form expression. We discuss a numerical approach based on the rank of the reduced density matrix to track these states in exact diagonalization studies. We show an extensive numerical study of the spectrum of the spin-1 AKLT chain, listing all the exact states up to 16 spins. We then proceed to derive the analytical expressions for all the states. We first consider the low energy states in Sec. IV, recovering the two Arovas states. 49 In Sec. V, we derive the tower of states, a series of spin-2 magnon excitations on top of the ground state, ranging from the ground state to the highest energy state and present evidence that shows that their position in the bulk of the energy spectrum. In Sec. VI, we discuss the exact states situated close to the highest excited state. To show that our approach is valid beyond the spin-1 AKLT chain, we discuss its generalization to higher integer spin-S in Sec. VII, obtaining the analytical expression of all the exact states that we numerically observe to have a low entanglement rank. In Sec. VIII, we derive a correspondence between certain exact states of the Majumdar-Ghosh Model and the spin-1 AKLT model as well as between exact AKLT states with different spin-S.
II. THE SPIN-1 AKLT MODEL

A. Hamiltonian
The spin-1 AKLT Hamiltonian is defined as a sum projectors that projects two nearest neighbor spins onto spin 2. 27, 28 Denoting the projector of two spin-1s on sites i and j onto total spin 2 as P (2,1) ij , the AKLT Hamiltonian for a chain of length L with periodic boundary conditions (i.e., L + 1 ≡ 1) simply reads
The action of the projector on various configurations of nearest neighbor spins in given in Appendix A. The projector can also be expressed in terms of the spin operators, P (2,1) ij
Simplifying the expression Eq. (2), the AKLT Hamiltonian Eq. (1) can be written in a more familiar form as with periodic boundary conditions in a typical quantum number sector (s, Sz, k, I, Pz) = (4, 0, 0, −1, 1) that has a Hilbert space dimension 26429. ∆E is the level spacing between adjacent energy levels after a mapping of the energy spectrum to produce a constant density of states. P (∆E) is the distribution of the level spacings. The peak of the distribution at non-zero ∆E indicates level repulsion. The green curve is the GOE distribution. The mean ratio of adjacent level spacings is r ≈ 0.5316, close to the GOE value of r ≈ 0.5295.
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The AKLT Hamiltonian Eq. (3) has many symmetries. In particular, it possesses SU (2), translation, inversion (reflection about a bond {i, i + 1}) and spin-flip (S z → −S z ) symmetries. Here, we associate the following quantum numbers to all the eigenstates of the Hamiltonian: s for the total spin, S z for the projection of the total spin along the z direction, and momentum k (quantized in integer multiples of 2π/L) for the translation symmetry. Furthermore, the eigenstates with momentum k = 0, π can be labelled by a quantum number I = ±1 corresponding to inversion symmetry and the eigenstates with S z = 0 can be labelled by another quantum number P z = ±1 corresponding to the spin-flip symmetry.
In spite of these symmetries, the AKLT Hamiltonian is non-integrable. Indeed the energy levels of eigenstates with a fixed set of quantum numbers corresponding to different symmetries do show level repulsion. In Fig. 1 , we plot the energy level spacing statistics of a typical quantum number sector of the AKLT model. We find that the level spacing distribution is close to that of a Gaussian Orthogonal Ensemble (GOE). Such a distribution is typical of non-integrable models.
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The beauty of the AKLT model is that despite its lack of integrability, the ground state can be constructed explicitly. 54 To do this, we write each spin-1 as two symmetrized spin-1/2 degrees of freedom that can either have S z = +1/2 or S z = −1/2. Thus, two nearest neighbor spins consist of four spin-1/2 degrees of freedom. If a singlet is formed between two of them as in Fig. 2 , the remaining two spin-1/2's can form at most a spin-1 configuration, meaning that the projector P (2, 1) i,i+1 annihilates such a configuration. The cartoon picture of the ground state |G of energy E = 0 with periodic boundary conditions is shown in Fig. 2a . With open boundary conditions, there are two spin-1/2 degrees of freedom at each edge that are not bound into singlets, so-called dangling spins. These fractionalized degrees of freedom, i.e. halfodd integer spins in a model that contained only integer spins, represent the topological nature of the spin-1 Haldane phase. 29 The ground state for open boundary conditions is shown in Appendix J 1.
In this paper, we mainly work with periodic boundary conditions (PBC), although we comment on open boundary conditions (OBC) in Appendix J. In this case, it has been shown that |G is the unique ground state (with energy 0) of the Hamiltonian Eq. (3). 27, 28 The groundstate |G is separated from the excitation spectrum by an energy gap 27 (the "Haldane gap"), which for the AKLT model can be bounded from below. The AKLT ground state shown in Fig. 2a can be described more rigorously using a dimer (a singlet) basis. Since the spin-1/2 degrees of freedom on each site are symmetrized, it is convenient to introduce Schwinger bosons, i.e. bosonic creation (annihilation) operators a † i (a i ) and b † i (b i ) for the S z = +1/2 (↑) and S z = −1/2 (↓) spin-1/2 degrees of freedom, respectively. Any wavefunction written in terms of Schwinger bosons on site i can be converted to the normalized spin-1 basis on a site i (|1 i , |0 i , |-1 i corresponding to S z = +1, 0, -1) using the dictionary:
where |θ i is the local vacuum defined by the kernel of the boson annihilation operators of site i, i.e. a i |θ i = 0, b i |θ i = 0. Since there are two spin-1/2 degrees of freedom on each site, the number operator
where |ψ is any configuration of spin-1s. To describe dimers, one could then define a dimer creation operator that forms singlets between the bosons on different sites as The complete algebra of dimers and Schwinger bosons is given in Appendix B.
The spin-1/2 Schwinger boson creation and annihilation operators can be related to the spin-1 operators by
In this notation, the operator S i . S j can be written as
where we have made use of the Schwinger boson number constraint on each site. Using Eq. (7), Eq. (3) can be written in terms of dimer creation and annihilation operators. In particular, P (2,1) ij can be written as
where the expression has been normal ordered using Eq. (B7). With this representation, the unnormalized AKLT state |G of Fig. 2a for periodic boundary conditions can be written as
Here the vacuum |θ is the global vacuum defined as the kernel of all the annihilation operators, i.e. c ij |θ = a i |θ = b i |θ = 0, ∀ i, j. We also define the normalized ground state 28 |G as
III. EXACT STATES
The energy spectrum of the spin-1 (and, as we will see, integer spin-S) AKLT model for a finite size chain with periodic boundary conditions exhibits some remarkable features. Beyond the unique ground state whose energy is 0 (for H of Eq. (3)), there are many other states with rational energies up to machine precision, some of them seemingly located in the bulk of the spectrum. Moreover, several of these states are even at integer energies. This observation holds for chains with a length up to L = 16, the upper numerical limit where we can compute the full spectrum. In this paper, we show that states with such rational energies are not coincidences and we can derive analytical expressions for them akin to Eq. (9) for the ground state. Being exact eigenstates for particular finite system sizes with a closed analytical expression and rational energy, we dub these states "exact states". One could argue that looking for exact states by targeting rational energies is ad-hoc. Indeed, rescaling the energy by a random positive number or shifting the ground state energy would scramble this information although simple algorithms could be devised to recover it. Moreover, in finite precision arithmetic, any number can be written as a rational number. To hunt for possible exact states, we propose another approach based on the entanglement spectrum.
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For any eigenstate |ψ of a spin-S chain, we consider the spatial partition into two continuous regions A and B with L A spins in A and L B spins in B. We then construct the reduced density matrix ρ A = Tr B |ψ ψ|. The entanglement spectrum is the eigenvalue spectrum of − log ρ A . Assuming that L A ≤ L B , the rank of ρ A (i.e. the number of levels in the entanglement spectrum) is bounded by (2S + 1) L A . Unless |ψ has a peculiar structure, this bound is usually saturated. Most eigenstates (including ground states) of local Hamiltonians saturate this bound. The fact that the entanglement entropy of the ground state of a gapped Hamiltonian is not volume law 56 merely means that the ground state of the system can be approximated by a state with a sparse spectrum.
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However, states whose entanglement spectrum is truly sparse and whose number of levels in the entanglement spectrum do not saturate the bound are special. This includes the ground state of the AKLT model Eq. (9), which has exactly 4 out of (2S + 1) L A levels in its entanglement spectrum irrespective of the length L A .
We propose to use the sparsity of entanglement spectrum, the ratio between the rank of ρ A and its dimension, as a probe to search for exact states. A brute force approach is thus to numerically compute all the eigenstates for a given system size and label them with their quantum numbers. We then focus on those exhibiting an entanglement spectrum sparsity at the largest possible value of L A (the integer part of L/2). For the spin-1 AKLT model, we observe that most of the states in the bulk of the full energy spectrum have a sparsity close or equal to 1, as expected. However, there are a few eigenstates that have an entanglement spectrum sparsity less than 5% for the largest system sizes we have computed. For reasons that are still not fully clear to us, most of these eigenstates coincide with those having a rational energy. Of course, some of these states are trivially exact states. An example is the highest excited state of the AKLT Hamiltonian that has all spin-1s with S z = 1. It is a product state and its reduced density matrix has a single eigenvalue. But as we show below, many of these exact states have an interesting non-trivial structure. We list these set of exact states for system sizes L = 12, L = 14 and L = 16 for the spin-1 case with all their useful quantum numbers and degeneracies in Table I . The derivation of their analytic expressions will be detailed in the following sections.
IV. EXACT LOW ENERGY EXCITED STATES OF THE SPIN-1 AKLT MODEL
To find and give an expression for the exact excited states of the AKLT model, we need to choose a convenient basis to work with. There are two bases that we use. The first is the usual spin basis. Since the Hamiltonian is simply a projector onto a particular total spin J, any configuration of nearest neighbors with S z = m 1 and S z = m 2 in a spin S chain scatters to the state with J = S and S z = m 1 + m 2 with an amplitude given by a Clebsch-Gordan coefficient. A complete set of rules for scattering of configurations in the spin basis are presented in the Appendix A.
The second is the dimer basis that we have introduced in Sec. II. Here, the basis states are defined as linearly independent states of dimer or Schwinger boson creation operators acting on the vacuum |θ . Though this representation allows an elegant representation of (most of) the exact states we will discuss, the set of dimer basis states is highly overcomplete and non-orthonormal (see Appendix C for an example). To study the AKLT model in the dimer basis, we need to derive rules for the scattering of basis states upon the action of the Hamiltonian. Since the Hamiltonian in Eq. (8) is normal ordered, it is sufficient to compute the actions of c m ij on the basis states. The actions of c ij and P (2,1) ij on various configurations on dimers along with some useful identities are specified in Appendix D and Fig. 27 . An example of such a scattering rule is diagrammatically depicted in Fig. 3 .
We have already exemplified the construction of the ground state in Sec. II B. We now focus on two exact low energy excited states, namely the Arovas states.
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A. Arovas A state
We now follow Arovas 49 to construct two exact excited states. Consider a configuration of dimers |A n defined in Eq. (11) with the cartoon picture of dimers as shown in Fig. 4a .
The Arovas A state is a translation invariant linear superposition of these |A n with momentum k = π. Up to a global normalization factor, it is given by
The system size is even, greater than 5 sites and we impose periodic boundary conditions. For pedagogical purposes, we now show the derivation of this first exact state beyond the ground state. This exemplifies the mechanism that underlies the derivation of all these exact states of the AKLT Hamiltonian. The proof relies on several properties of the dimer basis that are given in Appendix D. From the Hamiltonian Eq. (1) and the property Eq. (D6), we deduce that the only terms in the Hamiltonian that give a non-vanishing contribution upon action on |A n are P (2, 1) n−1,n and P (2, 1) n+1,n+2 . That is,
Using the scattering rules of Eq. (D7) and the cartoon picture of |A n , it is easy to see that example of the Single-Mode Approximation (SMA). This can be viewed as a magnon with form factor sin(k) as evident from the momentum space expression of the state
where S k is the Fourier transform of S n .
B. Arovas B state
Similar to the Arovas A state built from the |A n s, another exact state can be constructed from |B n s of Eq. (15). The Arovas B state then reads
up to a global normalization factor. We consider the configuration |B n defined in Eq. (15) and also shown in Fig. 5a . Since the only nearest neighbor bonds that do not have dimers between them are {n − 2, n − 1} and {n + 1, n + 2}, analogous to Eq. (13), we can write
The scattering terms of obtained upon action of P (2, 1) n−2,n−1 , by using rules of Eq. (D7) are
where |A n , |C n , |D n , |E n are defined according to the cartoon pictures in Figs. 5b, 5c, 5d and 5e. A few typographical errors of Eq. (8) in Ref. [49] including the omission of the scattering term |E n−1 have been corrected here in Eq. (24) . Since the scattering configurations are all symmetric terms that are symmetric under inversion about a bond {n, n + 1}, whereas |B n is symmetric under inversion about site n, the action of P (2, 1) n+1,n+2 changes |A n−1 → |A n , |C n−1 → |C n , |D n−1 → |D n and |E n−1 → |E n . The action of the Hamiltonian on |B n thus reads
With this property, for L even with periodic boundary conditions, we obtain
Thus, we have an exact state with E = 2, k = π and s = 0 (and P z = +1, I = −1). Again the key ingredient for this derivation was the fact that the scattering terms were symmetric and have the opposite (site/bond) symmetry. As for |A , it is not hard to see that this result would not hold for open boundary conditions or for odd L. Moreover, |B appears only for L ≥ 8: we need L ≥ 5 to define |B n and for L = 6 with periodic boundary conditions, the state itself vanishes. To formulate |B within the SMA, we need to note that we obtain |B n by acting the c † c term of the projector in Eq. (8) on |A n . With this observation, along with identities of Eq. (D3), we obtain the normalized eigenstate
Eq. (26) can also be written as a Hermitian operator on the ground state:
where {, } denotes the anti-commutator. One might wonder if the pattern of exactness might continue for other dimer configurations such as |C n , |D n or a combination of the two. However, in such cases, the scattering terms are no longer inversion symmetric, and hence do not appear in pairs, precluding cancellations at k = π. For the Arovas states considered here, the scattering terms appeared in pairs due to the presence of only two non-vanishing projectors on the state, forcing the exact state to have a momentum k = π. 
V. MID-SPECTRUM EXACT STATES
We now move on to the study of non-singlet states, i.e. states with a total spin s = 0. Since the AKLT Hamiltonian Eq. (1) We start with a configuration with the cartoon picture as shown in Fig. 6a . This particular configuration is used because of the rule Eq. (D23) of Fig. 27 , derived in Appendix D. It shows a fairly simply and symmetric scattering process. We define |M n as a quasiparticle with no dimers around site n as
From the cartoon picture Fig. 6a , it is clear that the only projectors in the Hamiltonian that do not vanish on |M n are P (2, 1) n−1,n and P (2, 1) n,n+1 . Using Eq. (D23),
where |N n is shown in Fig. 6b . Since |N n is bond inversion symmetric under bond {n, n+1} whereas |M n is site inversion symmetric about site n (they have opposite types of symmetries), the action of the Hamiltonian on |M n reads
and one can use the k = π superposition to remove the |N n states. The translation invariant state is thus
With L even and periodic boundary conditions, Thus we have an exact multiplet of states with s = 2 (4 a † i s in the state), E = 2, k = π. This state can again be written as an SMA with a spin 2 magnon. From Fig. 6a , we immediately see that |M n = −(S + n 2 /2) |G , that is, the spin on site n is forced to have S z = 1. Thus, including the normalization factor, the full state can be written as
This state exists for all L even and L ≥ 4. In terms of momentum space operators, the state has the expression
The entire multiplet of states with different S z can be obtained from |S 2 by applying the S − operator. An exact spin-2 magnon state can be constructed similarly for the AKLT Hamiltonian with open boundary conditions too, see Appendix J 2.
B. Tower of states
We now denote the spin-2 magnon "creation" oper-
The state P 2 |G is a state with two of the k = π spin-2 magnons dispersing on the chain. The correct basis state is proportional to S + n 2 S + 2 n+m |G , with n + m defined modulo L, containing two magnons (S + n 4 |G = 0 for m = 0). It is convenient to denote this basis state |M n , M n+m , n and n + m denoting the position of the magnons. Similarly, basis states |M n , N n+m can be defined as the configuration with the spin-2 magnon at position m and the scattering magnon of Fig. 6b at position n + m. Since S + n 2 |G annihilates all spin configurations of |G that do not have S z = −1 on site n, it follows that S z = −1 on site n + 1 because the sites n and n + 1 share a singlet in
For other m, there are two possibilities. If 3 ≤ m ≤ L − 3, we can write down the action of the Hamiltonian on the two magnon basis states using Eq. (30) as
An example of such a state and its scattering configuration are shown in Fig. 7a and Fig. 7b respectively. If m = 2 or m = L − 2, the two magnons fuse to form one spin-4 magnon, as shown in Fig. 7c . Using Eq. (D23), the action of the Hamiltonian can be written as
In terms of these basis states, the translation invariant state comprising of two spin-2 magnons on the AKLT chain is
Using Eqs. (35) and (36) the action of the Hamiltonian on |S 4 can be written as
where we group the scattering terms into two: |C s arising from basis states in Eq. (36) and (37), |C s and |C t can be simplified to
In Eq. (39), considering the summation over just the first scattering term and relabelling the summation indices considering L even, we obtain
Similarly for the third scattering term in Eq. (39), we obtain Adding all the terms in Eq. (39) back, we obtain
Using Eqs. (43) and (40), |C s + |C t = 0. Thus,
This is an exact state with s = 4, k = 0 and E = 4.
As with all the states we have presented, the cancellation here works only if L is even. This construction can be easily generalized by noting that the spin-2 magnons on the spin chain behave as solitons. A state with N k = π spin-2 magnons reads
As we have seen earlier, S (35) and (36) , observe that for each such scattering term, there always is a unique different term in Eq. (45) |M l1 , . . . , M q k . . . , M l N where q k = l k − 1 or q k = l k + 1 that scatters to the same term. For example, a state with spin-2 magnons on several sites, including n and n + 2 ( Fig. 8a ) and another state with spin-2 magnons on the same set of sites, except for n + 2 replaced by n + 3 ( Fig. 8b) , share a scattering term (Fig. 8c) . However, for the scattering terms to cancel, the terms |M l1 , . . . , M q k , . . . , M l N and |M l1 , . . . , M l k , . . . , M l N should have the opposite sign in Eq. (45) . This is true for the case when l k = l 1 = 1 and
Thus, all the scattering terms arising from Eq. (45) cancel out and we have an exact state. |S 2N can also be written as |S 2N = P N |G and has a momentum k = 0 or π depending on whether N is even or odd. Its total spin is s = 2N , and its energy is E = 2N . Since each spin-2 magnon annihilates two dimers from the ground state and L is even, |S L is a state with E = L, s = L, the highest excited state of the model. Thus, {|S 2N } is a tower of exact states from the ground state to the highest excited state. In terms of the spin operators, the highest weight states of this tower can be written as
where N is a normalization factor. Similar to the spin-2 magnon, the entire tower of states can be extended to the AKLT chain with open boundary conditions, see Appendix J 3.
C. Position in the energy spectrum
In this section we study the positions of the tower of states {|S 2N } in the energy spectrum.
It is believed 12,13,22 that all energy eigenstates of nonintegrable models that lie in a region of finite density of states satisfy ETH. This is commonly known strong ETH. 22, 23 However, the local density of states can always be changed by tuning the Hamiltonian to allow level crossings from states with different quantum numbers. To avoid this possibility, we study the position of the tower of states in the density of states of their own quantum number sector defined by (s, S z , k, I, P z ).
The inset of Fig. 9 , we show a typical example of the density of states for the spin-1 AKLT chain for periodic boundary conditions. We focus on system size L = 16 and the sector defined by the set of quantum numbers (s, S z , k, I, P z ) = (8, 0, 0, −1, 1). The quantum numbers are defined in Table I . In this sector lies, for example, the state of the tower with N = L/4 magnons, i.e. |S 2N = |S 8 . As can be observed, this state is located in a region with finite density of states. Since any given state of the tower of states has a fixed energy as the thermodynamic limit (L → ∞) is taken, it is natural to expect that such a state would eventually lie in a region of zero density of states. However, for a fixed L, we have a tower of states of E = 2N, s = 2N , N ∈ [0, L/2], and hence the number of states and their energies increase as the system size increases. One could look at the states at a finite energy density = E/L and then take the thermodynamic limit (E → ∞, L → ∞). In this limit, we conjecture that some states of the tower lie in the bulk of the energy spectrum in the thermodynamic limit.
VI. EXACT HIGH ENERGY STATES
For completeness, we now focus on the exact states in the upper part of the energy spectrum shown in Table I. Not all the states presented here are specific to the AKLT model. Some are eigenstates merely as a consequence of having SU (2) symmetry and translation invariance. Moreover, it has been shown that all the states with quantum numbers S z = L − 1 and S z = L − 2 (and hence s = L − 1 and s = L − 2) can be analytically obtained for a general SU (2) symmetric spin-1 Hamiltonian in the thermodynamic limit 58 and for any even system size, 59 in spite of the fact that a general SU (2) symmetric spin-1 Hamiltonian is non-integrable. This is due to the fact that the scattering equations of states with S z = L − 1 and S z = L − 2 correspond to one and two-body scattering problems respectively, which are integrable. Indeed, states in these quantum number sectors do not exhibit level repulsion. However, for S z = L − 2, in most cases it is impossible to obtain a closed-form expression of the eigenstates for a finite system size. The states presented in this section are thus examples of high energy eigenstates with s = L − 1 and s = L − 2 that have a simple analytical expression for any finite system in an otherwise completely solvable quantum number sector. The scattering equation of states with S z = L − 3 similarly corresponds to a three-magnon scattering problem, that has been solved partially. 58 However, we have not found any exact states with s = L − 3.
A. Ferromagnetic and 1 k states
As we have seen in Sec. V B, the highest excited state of the spin-1 AKLT model with periodic boundary conditions is the ferromagnetic multiplet that has s = L and E = L. In the highest weight state, all of the spin-1s are ferromagnetic and are in the S z = 1 state (Fig. 10a) . Since nearest neighbors already form a spin-2 configuration, each of the projectors in Eq. (1) contribute 1 unit to the energy of the state. In terms of Schwinger bosons, the state can be written as
|θ . Using Eq. (4), the normalized state is given by
As also seen from Eq. (D22), the total energy E of the state is L.
Another trivial series of states that are exact for periodic boundary conditions are those with spin s = L − 1. There are L − 1 of them and they can be expressed by the action of S − n . Indeed the normalized states read
with momentum k = 2πl/L, where l = 1, 2, . . . , L − 1 (l = 0 belongs to the multiplet of |F ). In the dimer basis, |1 k is the translation invariant superposition of single dimer configurations |n ≡ (S Fig. 10b .
Using Eq. (D22), projectors of the Hamiltonian Eq.
(1) on all the bonds except {n − 1, n}, {n, n + 1} and {n+1, n+2} contribute a total energy of E = L−3 to the state |n . Since the projector on the bond {n, n + 1} vanishes (Eq. (D27), the only non-trivial projector actions are P (2, 1) n−1,n and P (2, 1) n+1,n+2 . Using Eq. (D23) the scattering equation for |n can be written as
Thus |1 k = n e ikn |n is an exact state with periodic boundary conditions for all L
We thus have states for all momenta k = 0 with s = L− background. The appropriate basis states are |m, m + n , n = 0, 1, . . . , L/2, that denote the configuration with dimers on the bonds {m, m + 1} and {m + n, m + n + 1}, examples of which are shown in Fig. 11 . Here, we deal with the cases n > 2 (e.g. Fig. 11a ), n = 1 ( Fig. 11c ) and n = 2 ( Fig. 11e ) separately because the scattering rules in Appendix D (Eqs. (D23) and (D24)) are applied differently. If n > 2, the terms in the Hamiltonian that contribute to the scattering are the four projectors around the two dimers. According to Eq. (D23), the states scatter as
An example of a configuration |m, m + 4 and a scattering term |m + 1, m + 4 are shown in Figs. 11a and 11b respectively. In Eq. (51), if |m, m + n is site (bond) inversion symmetric, all the scattering terms are bond (site) inversion symmetric, possibly around different bonds (sites). For periodic boundary conditions and even L, they can thus be cancelled with a k = π superposition. The exact state for n > 2 is then
and L/2 is odd. There are thus a set of L/2 − 2 states if L/2 is even and L/2 − 3 states if L/2 is odd (we are treating n = 0, 1, 2 separately), all with E = L − 2, s = L − 2 and k = π.
When n = 1 (Fig. 11c) , the two dimers share a site and only two projectors of the Hamiltonian contribute in scattering. Using Eq. (D23), we obtain
Since |m, m + 1 is site inversion symmetric (about site m + 1) and the scattering terms are bond inversion symmetric (e.g. Fig. 11d ), |2 n=1 = m (−1) m |m, m + 1 is an exact state with periodic boundary conditions and even L with the quantum numbers s = L − 2, k = π and E = L − 2.
If n = 0 (Fig. 11e) , the appropriate rule for scattering is given by Eq. (D25). Hence, |m, m scatters to
. (53) Since |m, m + 1 (Fig. 11c) is site inversion symmetric whereas |m, m is bond inversion symmetric, |2 0 = m (−1) m |m, m would give rise to the action
Thus we have an exact state with with energy
If n = 2 ( Fig. 11d) , from Eq. (D24) we see that P (2,1) m+1,m+2 would act non-trivially on the configuration. This scatters |m, m + 2 into bond symmetric terms that cannot be cancelled with a k = π superposition. Hence, |2 n=2 is not an exact state.
To derive operator expressions for the |2 n states, we note that |m, m + n can be expressed in terms of spin variables by writing down its expression in terms of Schwinger bosons and using the dictionary Eq. (4).
Using Eq. (55), after simplification, the normalized states can be written as Using the scattering Eqs. (51) and (52), we obtain another set of exact states that can be constructed with two dimers on a ferromagnetic background are the |2 k states. Consider
In Eq. (57), the choice of superpositions have been chosen such that scattering terms of a particular two dimer basis state are cancelled by those of other basis states. For example, |n, n + 1 (Fig. 12a) and |n, n + 3 (Fig. 12b) produce the same scattering term |n, n + 2 ( Fig. 12d) according to Eqs. (52) and (51) respectively. Similarly the scattering term |n, n + 4 ( Fig. 12e) obtained from both |n, n + 3 ( Fig. 12b) and |n, n + 5 ( Fig. 12c ) but with opposite signs and hence vanishes. A detailed proof of the |2 k state being exact can be found in Appendix E. We also show that these states have energy E = L − 2 and L has to be even. While the state |2 k can be proven to be exact for any momentum k, the state itself vanishes for certain momenta (see Eqs. (E5) and (E6) in Appendix E)
For the state not to vanish, the momenta should satisfy the relation e
ikL/2 = −1. Since k = 2πj/L, where j is an integer, the previous condition can be satisfied only for j odd. So, for L = 4p, there is a state |2 k at any odd momentum, a total of 2p states. If L = 4p+2, we need e ikL/2 = +1, restricting to even momenta, a total of 2p + 1 states. Thus the |2 k states lead to a total of L/2 exact states with s = L − 2 and E = L − 2. The operator expression for the normalized state |2 k directly obtained using Eqs. (57) and (55) reads
where N is the normalization constant.
D. Special states
Apart from all the states above, we numerically observe a state that is at s =
We work in the orthonormal, complete, spin basis. The highest weight state in the s = L−2 can be obtained from |F , either by flipping one spin to S z = −1 or flipping two spins to S z = 0. Thus basis states of a fixed momentum k can be labelled by |n k , n ∈ 0, 1, ..., L/2, where
The Hamiltonian matrix in this basis constructed using Eqs. (A2) -(A7) and (60) 
with r ∈ Z q and y = 2π Most of the states obtained by this method correspond to the |2 n and |2 k states that we have already discussed. For example, a solution of Eq. (61) is q = 4, p = 1, r = 0 has E = L − 2 and is the |2 k=0 that appears for every L = 4m + 2.
For p, q, r ≤ 1000, we could find one new solution to Eq. (61). It is q = 6, p = 1, r = 0. This state thus has energy E = L − 1, and since q is even, it appears for L = 6p, where p is an integer. The exact state can be written as
where N is a normalization constant. We thus have an exact state with E = L − 1, k = 0 and s = L − 2. In momentum space operators, the state can be written in a more elegant form.
where the sum over k runs over all the momenta. The same exercise for any other momentum k does not lead to any new states.
E. Overlap with the tower of states
It is important to note that the tower of states {|S 2n } obtained in Sec. V B Eq. (46) has some overlap with the high energy states we have presented. As we have seen earlier, |S L = |F . Moreover, the L/2 − 1 magnon state |S L−2 has a total spin s = L−2. As illustrated in Fig. 6a , the operator (S 2 annihilates the dimers on neighboring bonds {n − 1, n} and {n, n + 1}, for even L, the two remaining dimers always have an even (odd) number of bonds (sites) between them. For example, the only possible configurations of |S 4 for L = 6 up to translation is shown in Fig. 13 . Thus, up to an overall constant, the appropriate two dimer basis state to describe the tower of states can be written as
2 annihilates dimers on bonds {i − 1, i} and {i, i + 1}. Thus, in Eq. (64), the dimers on bonds {n, n + 1} and {n + 2m + 1, n + 2m + 2} are the only ones remaining. From Eq. (46), the exponent of (-1) in front of the configuration |n, n + 2m + 1 can be written as
Using Eqs. (64) and (65), up to an overall phase, the state |S L−2 can thus be written as
The two cases L = 4p and L = 4p + 2 are considered separately, p being an integer.
, we obtain
VII. 1D SPIN-S AKLT MODELS WITH S > 1
AKLT models can be straightforwardly generalized to all dimensions and also to spins with different Lie algebras. 42, [60] [61] [62] In this section, we consider the generalization to spin-S with S being a positive integer. Such a model has been studied to explore the Haldane conjecture for S = 2.
63-66 Particularly, it has been observed that odd integer spin chains are topological (due to the presence of half-integer dangling spins at the edge) whereas even integer spin chains are not. 64, 66 The generalization of the AKLT Hamiltonian that was used 64, 65 is
with α J ≥ 0 ∀J. As we will see later, the ground state is the same for all the Hamiltonians of the form Eq. (68). However, the entire energy spectrum is not the same. For example, the ferromagnetic state need not be the unique highest excited state unless
As we did for the spin-1 AKLT model, we can write Hamiltonian Eq. (68) in terms of spin operators. The most general expression for P (J,S) i,j , is the projector onto total spin J for two spin-S on sites i and j and can be written in terms of the spin operators as
Since we are working with spin-S, each spin can be thought to be composed of 2S spin-1/2 Schwinger bosons, with the same algebra described in Appendix B. However, since the number of Schwinger bosons per site changes, Eq. (7) also changes to
FIG. 14. S = 2 AKLT ground state with two dimers between nearest neighbors. Spin-S AKLT would have S dimers. |2G with periodic boundary conditions.
Using Eq. (71) and Eq. (B7) for normal ordering, we obtain an expression for the spin-S AKLT Hamiltonian,
where the coefficients γ j depend on the coefficients α J in the projectors and the spin S, a closed form of which we could not obtain for a general S. We have the freedom to choose (S−1) α J coefficients while retaining the standard ground state but changing the excitation spectrum. By choosing α J = 1 for all J, we observe that it is possible to set γ j = 0, 1 ≤ j ≤ S − 1. This is the only choice of {α J } that satisfies the required condition. The Hamiltonian is then,
As we will show later in this section, this choice of coefficients is crucial for us to have non-trivial exact states (including a tower of states) in the bulk of the spectrum. Since the algebra of dimers described in Appendix B is independent of the spin model we are working with, it holds here as well.
A. Lower spectrum states
We start our analysis of the spin-S AKLT model with its ground state. Working in the spin basis, if S dimers are formed between two spin-S (i and i + 1) that have a total of 4S spin-1/2 Schwinger bosons, the maximum spin of both spin-S combined cannot exceed S. Such a configuration must therefore be annihilated by all P (J,S) i,i+1
for J > S, and is thus the unique ground state |SG of the Hamiltonian Eq. (68). This can be written as
The cartoon picture for the ground state of the spin-2 AKLT model is shown in Fig. 14 One might wonder if any low energy s = 0 magnons similar to the two Arovas magnon states discussed in Sec. IV exist for the spin-S AKLT models. We have used the method described in Sec. III to detect exact eigenstates for S = 2 with L ≤ 10 and S = 3 with L ≤ 8. In both the systems, we find only one singlet exact state apart from the ground state, and it lies in the quantum number sector s = 0, k = π, I = −1 for even L, and has an energy E = 2. Since the Arovas B state in Sec. IV B is in the same sector, we need a similar configuration with short-ranged dimers. Numerically, we do not find an analogue of the Arovas A state for higher spin AKLT models with the chosen Hamiltonian given by Eq. (73) (i.e. with α J = 1 ∀J in Eq. (68)). At the end of this section, we provide an intuitive explanation as to why this is the case. In Appendix H 2, we prove that for S = 2, an Arovas A state cannot be obtained for the Hamiltonian Eq. (73) but an analogue can be constructed with another suitable choice of coefficients {α J } in Eq. (68) .
To exemplify the derivation of the generalized Arovas B state, we first focus on the spin-2 AKLT model. The corresponding Hamiltonian Eq. (73) reduces to
One could form spin-2 basis states by gluing together two copies of spin-1 basis states, along with completely symmetrizing the spin-1s of the two copies. The spin-2 configuration |BG n (Fig. 15a) is formed by gluing one one spin-1 Arovas B configuration |B n (Fig. 5a ) to the spin-1 ground state |G (Fig. 2 ) and |BG n (Fig. 15b) by gluing two |B n s together. The scattering equations for the configurations |BG n and B 
In Eq. (76), T is a translation operator that translates by one site to the right and λ n symmetrically about site n (on bonds {n − 2, n − 1} and {n + 1, n + 2} in Figs. 15a  and 15b ), all the scattering terms that are bond inversion symmetric (e.g. Fig. 15c ) appear in pairs that are related by a translation of an odd number of sites. Hence, they cancel with a momentum π superposition of the configurations |BG n and B 2 n for an even system size L. Moreover, B 2 n and |BG n can be combined into
such that the scattering equation for |2B n reads
where
In Eq. (78), the non-symmetric configurations also admit a momentum π cancellation for L even. Thus, |2B = n (−1) n |2B n is an exact state for L even with s = 0, k = π, and E = 2. In terms of spin operators, using Eq. (71), we find that the normalized state |2B can be written as
where {, } denotes the anti-commutator, |2G is the normalized ground state of the spin-2 AKLT Hamiltonian and N a normalization factor. The j = 1 term in general Hamiltonian Eq. (72) scatters the state B 2 n into non-symmetric configurations (e.g. Fig. 15d ) whereas it scatters |BG n into symmetric configurations; this precludes the possibility of cancellation of non-symmetric terms as earlier. We thus set β 1 = 0, justifying our choice of the Hamiltonian in Eq. (73) .
Moving on to the spin-S AKLT model, the set of configurations that can be derived from the Arovas B state |B n and the spin-1 ground state |G is S = { B m G S−m }, 1 ≤ m ≤ S, which is obtained by gluing m spin-1 |B n s with S − m spin-1 |G s and completely symmetrizing the corresponding spins. The derivation of the generalized exact states proceeds in a way similar to that of S = 2. Eq. (73) scatters the configurations in the set S into two types of configurations: symmetric under bond inversion symmetry and non-symmetric. Similar to the S = 2 case, we find that the non-symmetric scattering terms of B m G S−m are the same as the nonsymmetric scattering terms of either of
For S ≤ 5, we find that a |SB n can always be constructed from the configurations in the set S such that the scattering equation of |SB n reads
where C S and C N are the sets of bond inversion symmetric and non-symmetric configurations of all the configurations in S and x ζ is an integer. In Eq. (80), the bond inversion symmetric configurations appear in pairs and vanish for even L under a momentum-π superposition of |SB n . The non-symmetric terms too appear in pairs, and hence vanish under the same conditions. We have analytically derived the generalized Arovas B state up to S = 5. For generic S, we conjecture the following expression for |SB n ,
This reduces to |B n and |2B n of Eq. (77) for S = 1 and S = 2 respectively. The normalized exact state is then
where N is a normalization factor. This state has s = 0, k = π, E = 2. In spite of the elegant form of Eq. (81) in terms of dimers, we could not easily find a nice expression such as Eq. (79) for the state |SB in terms of the spin operators.
As mentioned earlier, for our choice of the Hamiltonian Eq. (73), we do not find an analogue of the Arovas A state numerically for S = 2 or S = 3. Analytically, an obstacle encountered is that some of the scattering terms of thus precluding a cancellation with momentum π (since the Arovas A configuration is also bond inversion symmetric). Moreover, for any superposition of the configurations { A m G S−m }, the scattering terms { A n G S−n } appear in superposition with a different set of coefficients, thus precluding the construction of an exact state. However, in Appendix H 2, we show that for S = 2, a finetuning of the Hamiltonian yields an Arovas A configuration with a scattering equation similar to Eq. (80), and hence an Arovas A exact excited state.
B. Mid-spectrum states
In this section, we derive the generalization of the tower of states described in Sec. V B for the spin-S AKLT model. We start with a configuration gluing S spin-1 |M n states to obtain a spin-2S magnon |SM n .
For example, |2M n for S = 2 is shown in Fig. 16a . With β j = 0 for 0 < j < S, the Hamiltonian Eq. (73) does not have any terms (c † ) s c s for s < S. Due to Eq. (G2), |2M n vanishes under the action of (c † ) m c m for m > S. Thus, using Eqs. (G3), the only term in the Hamiltonian that contributes to scattering is (c † ) S c S . Thus, from Eq. (G3), the only scatterings term are those with S dimers on the bonds {n − 1, n} or {n, n + 1}, denoted by |SN n−1 and |SN n respectively, and shown for S = 2 in Fig. 16b . With this, we find the scattering equation of |SM n ,
In the above equation, the precise value of the coefficient λ S does not matter. For S = 2, λ S=2 = −2/7 but it is hard to obtain a closed form for λ in terms of S since it involves the normal ordering recursion relations Eq. (B8). From Eq. (84), the exact state is
In terms of spins, this can be expressed as where N is a normalization factor. Thus, we have an exact state for the spin-S AKLT model that closely resembles the spin-2 magnon of the spin-1 AKLT model. This state has E = 2, k = π and s = 2S. Similar to the spin-2 magnon of the spin-1 AKLT model, the spin-2S magnon generalizes for open boundary conditions as well, see Appendix J 5.
As for the spin-1 AKLT model tower of states, the state with N spin-2S magnons on the ground state is also exact for the spin-S AKLT model. We denote the spin-2S magnon creation operator as P =
2S . The tower of exact states is then
where 0 ≤ N ≤ L/2. |S 2N has k = 0 or π depending on whether N is odd or even, a total spin s = 2SN , and an energy of E = 2N . This tower of states connects the ground state to the ferromagnetic state. The proof proceeds exactly in the same way as for the spin-1 AKLT tower of states. As with the spin-1 AKLT tower of states in Sec. V C, we conjecture that the tower of states for any spin S lies in the bulk of the energy spectrum, although it is hard to obtain any strong numerical evidence of this for S > 1.
C. Upper spectrum states
In this section, we briefly comment on the structure of the simple upper spectrum excited states of the spin-S AKLT model. For the spin-S AKLT model, there is no unique highest excited multiplet. To see this, note that apart from a constant, the Hamiltonian Eq. (73) contains terms (c † ij ) m (c ij ) m for m ≥ S. According to Eq. (G2), all such terms vanish on any configuration with s < S dimers on one bond. For example, the configuration shown in Fig. 17b does not scatter and contributes one unit of energy, same as the fully ferromagnetic state (Fig. 17a) . We dub such configurations "non-scattering". Non-scattering configurations at least two bonds apart from each other lead to several excited states, all of which have E = L using the specific set of α J in the Hamiltonian Eq. (68) described previously. However, these nonscattering configurations have different total spins.
In the previous section, we saw that the spin-S AKLT tower of states can be obtained by replacing each dimer in spin-1 AKLT by S dimers. The construction worked because of the similarity of Eqs. (D23) and (G3) and the structure of the Hamiltonian Eq. (73). Since Eq. (D23) was crucial in obtaining the upper spectrum excited states for the spin-1 AKLT model, upper spectrum states of spin-S AKLT models can be obtained similarly with Eq. (G3) . Thus, all the upper spectrum states of spin-1 AKLT model that used Eq. (D23) in the scattering (|1 k , |2 n and |2 k ) have an analogue in the spin-S AKLT model, replacing each dimer of the spin-1 model by S dimers in the spin-S model and spins L − 1 and L − 2 by SL − S and SL − 2S respectively. For example, the configuration in Fig. 17c forms the S = 2 analogue of the |2 n=6 state. The exceptions to this rule are |2 n=0 , that uses a different scattering rule (Eq. (D25) instead of Eq. (D23) used for the other |2 n states) and has no analogue in spin-S and the special state |6 0 . Special states could be obtained for the s = LS − 2 sector the spin-S AKLT too, where the Hamiltonian would be tridiagonal. In addition to the generalized versions of the spin-1 upper spectrum excited states, such states could always be dressed symmetrically with non-scattering configurations at least two bonds away from the scattering ones. For example, the configuration shown in Fig. 17d is simply Fig. 17c dressed with a non-scattering configuration. Such a dressed configuration has the same energy as the parent configuration but a lower spin. Thus, the upper spectrum of the spin-S AKLT models are massively degenerate. The states described above account for all of the rational energy states we observe numerically for S = 2. As mentioned earlier for spin-1 models, the quantum number sectors (L − 2) ≤ s ≤ L sectors are fully integrable. 58 Similarly, for spin-S models, it might be the case that all the spin sectors S(L − 2) ≤ s ≤ SL are fully integrable. In such a case, the states we have described are some examples of states that have a simple analytical expression for a finite system. This is an interesting question for future work.
VIII. PROJECTION PRINCIPLE
Spin-S AKLT exact states have intriguing connections to the spin-1 AKLT exact states (e.g. see Eq. (81)). Some of the exact spin-S eigenstates can be constructed from other exact spin-S eigenstates with S < S. This notion can be formalized via the projection principle (PP). Originally introduced for spin singlet groundstate wavefunctions 62, 67, 68 , here we show that the PP can be applied to excited states as well. In particular, it can be applied to states with non-zero magnetization, i.e. non-singlet states. In the following, we demonstrate that the PP also holds beyond integer spin models. We briefly introduce the Majumdar-Ghosh model and its ground states, which we use to demonstrate the PP by constructing the AKLT ground state. Subsequently we discuss how it can be applied to exact excited eigenstates. 
where the product runs over all even sites i for one state and over all odd sites for the other, are exact zero-energy ground states of the Hamiltonian
Note that Eq. (88) implies that only one Schwinger boson operator (a † i |θ i = |↑ i or b † i |θ i = |↓ i where |θ i is the local vacuum of site i) is applied per lattice site i leading to spin-1/2 states, unlike the spin-1 (spin-S) AKLT case where two (2S) Schwinger bosons act on each lattice site. The proof is simple. We rewrite H MG = 3 4 i H i with
where P (
2 ) i,i+1,i+2 is the spin-1/2 projector onto total spin 3/2 of the three sites i, i + 1, and i + 2. Hence, any state in which the total spin of three adjacent spins 
As H i is positive definite, the two zero-energy eigenstates of H MG , shown in Eq. (89) are also ground states. Note that the two ground states can be written as two translation invariant states with k = 0 and k = π as
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B. AKLT Ground state from the Projection Principle
In the following, we slightly modify our cartoon pictures used previously for the AKLT states: 
In terms of Schwinger bosons the projection onto the fully symmetric spin 1 subspace in Eq. (94) is accomplished automatically due to their bosonic character. We can immediately generalize this construction to higher spin-S AKLT ground states,
where we introduced
Applying Eq. (95) to Eq. (96), we find that we can glue S spin-1 AKLT ground states together to obtain one spin-S AKLT ground state, |SG = |G S . The PP can thus be applied to obtain arbitrary spin-S AKLT ground states.
C. Projection Principle for Excited Singlet States
We now establish that it is possible to combine MG states via PP to obtain the AKLT exact eigenstates that are obtained by a single-mode approximation, viz. the Arovas states and the spin-2S magnon state. To be more precise, for the AKLT exact states that are of the form |Ξ k = n e ikn |ξ n (e.g. for the Arovas A state of Eq. (12), |ξ n = |A n , k = π and |Ξ k = |A ), we apply the projection principle to the configurations |ξ n but not directly to the eigenstates |Ξ k .
Certain exact excited states for the MG model have been obtained previously. 48, 69 For instance, the state |φ of Eq. (9) in Ref. [48] can be re-written as
where |x n is defined as (see Appendix I, Eq. (I5))
Careful analysis reveals that |A n = |x n MG Parity(n)
is identical to the Arovas A configuration |A n shown in Fig. 4a . Thus the PP can also be used for excited states.
In the following, we show that all Arovas-type eigenstates can be constructed via projection principle. For instance, the Arovas B state configuration reads |B n = |x
projection onto spin 1
As discussed before, the spin-2 Arovas configuration can be written as
n , see Eq. (77). In terms of the PP for spin-1 configuration, this can be formulated as
where |G and |B n are the spin-1 AKLT ground state and the Arovas B state respectively. This can be further generalized to express the spin-S Arovas state configuration in terms of the PP as Eq. (81),
D. Projection Principle for Non-Singlet States
So far, we have applied the PP only to ground states and excited states which were spin singlets. Now we consider the simplest type of non-singlet states, and express them through the PP. Another MG eigenstate which was found to be exact in Eq. (8) of Ref. [48] can be rewritten as
where (see Appendix I, Eq. (I8))
(104) --6 6 6 6 6 6 6 6 n n-1 n+1
.
Since the MG model is SU (2) symmetric, the ferromagnetic state (state with all spins having S z = +1/2) is an exact eigenstate. The same symmetry dictates that the exact quasiparticle excitations around the ferromagnet are one-dimer configurations analogous to the |1 k states of the spin-1 AKLT model. With these upper spectrum exact states of the MG model, the ferromagnetic and the one dimer configurations of the AKLT model (Fig. 10) , and the two dimer configurations (e.g. Fig. 11 ) can be trivially constructed via PP.
IX. CONCLUSION
In this article, we have for the first time derived a tower exact eigenstates with a closed-form expression in nonintegrable models, the spin-S AKLT models. For that purpose, we first used finite size exact diagonalizations to look for states with a low rank of their reduced density matrix. These turned out to usually coincide with a rational or even an integer energy. For each of them, we have then derived an analytical formula. Apart from the tower of states from the ground state to the highest excited state, we have obtained several exact excited states in the low energy and the high energy spectrum.
Our approach could potentially be applied to any nonintegrable model, irrespective of its dimensionality. Numerically, for certain system sizes, we do see exact states of the Majumdar-Ghosh model (including the ones obtained by Caspers et al. 48 ), spin-3/2 model 70 and of the spin-1 Heisenberg model. However, the exact states in those models do not include an infinite tower of states, as the AKLT models do. In the context of the Eigenstate Thermalization Hypothesis, some of the exact states we have obtained seem to be located in the bulk of the spectrum but still have non-generic entanglement properties, 71 which questions the strong ETH. As we discuss in another article, 71 those states have a low entanglement entropy, and it is unlikely that any of them would be thermal. Our results pave the way for the search of nonintegrable models that provide some analytical insight on the Eigenstate Thermalization Hypothesis. They also suggest that a special class of "semi-solvable" but nonintegrable spin models could exist. 58, 72, 73 These models would contain thermal and non-thermal eigenstates mixed together, [74] [75] [76] something that is usually thought to be impossible in non-integrable models. 
Appendix B: Fundamental algebra of dimers
Commutation relations
We start by defining operators that create and annihilate up (a † , a) or down (b † , b) spin-1/2 Schiwinger bosons. By virtue of being bosons, they obey the boson commutation relations as
where i is the site index. We can then define dimer (singlet) annihilation and creation operators between sites i and j as
Since bosons on each site are identical, note that a singlet (antisymmetric) state within each site vanishes (c † ii = 0). Using Eq. (B1), one can derive the algebra for the dimer operators as
For m = i and n = j, Eq. (B3) can be written as
, the total number operator of the Schwinger bosons on site i. Commutation relations between the remaining operators can also be computed as
Eqs. (B1), (B3), (B4) and (B5) along with their Hermitian conjugates specify the entire algebra of all the objects we are working with.
Normal ordering
For our calculations, it is useful to know the expressions for the normal ordering of the operator (c † ij c ij )
n . To compute this, we first need to know the commutation
Using the commutation relations in Eqs. (B4) and (B5), this can be easily computed to be
We now work in a subspace of spin-S AKLT Hamiltonian basis states |ψ S that satisfy N i |ψ S = 2S |ψ S for any site i. Using this fact and Eq. (B6), we can expand (c † ij c ij ) n into a normal ordered form as
f (m, n) is determined recursively with the relations
From Eq. (D6), the projector vanishes on any singlet state that contains a c † ij . This is heavily used in our calculations. As shown in Fig. 27 , these can be written as a set of diagrammatic rules for obtaining a set of configurations into which an initial configuration of dimers scatters.
Non-singlet basis states
In the previous section we worked with singlet states, where all the configurations could be written only in terms of dimers. States with s = 0, because of SU (2) symmetry, would appear in multiplets of 2s + 1 states. As mentioned in the main text, it is sufficient to focus on the highest weight states of each multiplet. If s = 0, the configurations in the highest weight multiplet would have free spin-↑ (a † i )
We show that the |2 k states given in Eq. (57) 
The action of the Hamiltonian on |2 k can be obtained using Eq. (52) for the m = 0, L/2 − 1 terms in Eq. (57) and Eq. (51) for the rest of the terms. + e −i(k+π) (1 + e ik )) + e i(k+π) (1 + e −ik ) |n, n + 2
The sums in Eq. (E2) corresponding to m = 0 and m = L/2 − 1 can be written as n e ikn (|n − 1, n + 1 + |n, n + 2 )
= n e ikn ((1 + e ik ) |n, n + 2
Eq. (E3) and (E4) cancel with each other, thus showing that |2 k is an exact state with energy E = L − 2. However, as discussed earlier, the states vanish for certain momenta. We prove the relation
To derive Eq. (58), we make the variable substitution n = n − 2m − 1. Eq. (57) reduces to
In Eq. (E5), the sum over n was converted to a sum over n because it is over all the possible values of n (for any given m). Furthermore, making the variable substitution m = L/2 − 1 − m , we arrive at
where in the last step, expressions have been simplified using the fact that L/2 and m are integers, and that the system is periodic.
Appendix F: Special states in the high energy spectrum
We discuss the construction of the special state |6 0 , defined in Eq. (62) ; and in particular derive Eq. (61) . As discussed in Eq. (60), we define the basis in the sector s = L − 2, k = 0 as |n ≡ |n k=0 , n ∈ 0, 1, ..., L/2, where
Note that this basis is orthonormal. In Eq. (F1), each |n , n ≥ 1 is a momentum superposition of spin configurations of the form
and |0 is a momentum superposition of the spin configuration
The action of P 
Hence,
(F5) Using Eqs. (A2), (A3) and (A5), the action of H on |d 1 is given by
The scattering equation of |1 thus reads
Similarly, using Eqs. (A2) and (A4), the scattering equation of |d 0 reads
The scattering equation of |0 thus reads
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The representation of the spin-1 AKLT Hamiltonian in the basis of {|n } can thus be computed to be 
Acting the Hamiltonian on |ψ , we arrive at a set of equations
Eqs. (F12) can be written with a "transfer matrix" as
Here the 2 × 2 matrix is the transfer matrix M . The last two equations in Eq. (F12) which signal the end of the transfer matrix, give
Since we are only looking for states that appear when the system size L is a multiple of some integer q, we want the matrix M to be idempotent. If M q = 1, we arrive at the constraint that both the eigenvalues of M are q-th roots of unity. Since M has real entries, the determinant of the matrix must be real, which imposes the constraint on the two eigenvalues to be conjugates of each other. Thus, λ ± = e 
the recurrence relation
and the expressions for x 1 and x 2 in Eq. (F12), the constraint Eq. (F14) reduces to the equation
where r = L/2 − 3 mod q. If there is a solution to Eq. (F18) for integer p, q, r, we obtain a state with energy
that appears for every L = 6 + 2r + 2qm, where m ∈ Z. In addition, if q is even, and r is a solution, r + q/2 is also a solution. This means that the repeating state would appear for L = 6+2r+qm, where m ∈ Z. Moreover, if p is a solution, q − p is also a solution that would give rise to the same transfer matrix (because the eigenvalues are the same). So, we restrict ourselves to p ≤ q/2.
From Eqs. (F11) and (F1), the operator expression for the unnormalized |ψ is
Appendix G: Dimer basis scattering rules for spin-S AKLT basis states
In this section, we give a brief overview on how terms in the Hamiltonian Eq. (73) act on basis states of a spin-S chain. To achieve this, since the Hamiltonian is normal ordered, it is sufficient to compute the actions of (c ij ) m for m = S, . . . , 2S on various configurations that can appear in a spin-S chain. However, such expressions are lengthy in general and here we merely note the structure of the scattering terms. Note that the results in Appendices A and B are valid for any value of S. 4 . Configuration (e) scatters to (f) under the action of (cij)
2 . The configurations of the filled small circles are irrelevant for the scattering due to cij. from i and j connected. For example, the spin-2 singlet configuration shown in Fig. 20a scatters to configurations such as the one shown in Fig. 20b . If the basis state has many dimers (c † ij ) n , using Eqs. (B6) and (D2), the action of c ij gives rise to an additional term where the dimer c † ij is annihilated. With these observations, the action of c ij on a singlet basis state with no dimers c † ij and N dimers connecting each of the sites i and j to other sites {p l } and {r n } respectively, can be written as
In Eq. (G1), on the first application of c ij on the spin-S singlet state, N = 2S. Upon each application of c ij , N decreases by 1 (one dimer is annihilated on each of the sites i and j). The action of (c ij ) m can be computed by consecutive applications of Eq. (G1). The scattering configuration of (c ij ) m acting on the original spin-S singlet state would then be a sum of terms annihilating m pairs of dimers, each pair with one connecting site i and one connecting site j, and reconnecting the vacant sites in different possible ways. The different ways to annihilate m dimer pairs that lead to the same scattering term result in an overall m! factor. Morever, a factor of (−1) m appears because of the negative sign in Eq. (G1). Each c † ij in the original basis state gives rise to an additional scattering term where the c † ij is annihilated. Though tedious to prove in general, we recover that P (J,S) ij , for J > S vanishes on any configuration containing (c † ij )
S , similar to Eq. (D6).
To derive the non-singlet scattering rules, we need to consider basis elements that consist of some free spin-↑ Schwinger bosons (a † ). Firstly, c ij annihilates any basis state that does not have dimers on sites i or j, analogous to Eq. (D8). From Eqs. (D8) to (D14), observe that the action of c ij on other basis states results in a sum of terms with one free spin (or dimer, but not both spins) annihilated on each site i and j and the resulting vacant site(s) populated with a free spin (dimer). As earlier, each c † ij in the original basis state gives rise to an additional scattering term with the c † ij annihilated. The action for (c ij ) m can then be derived following the same procedure by repeated applications of c ij s and accounting for the overcounting factors.
The important conclusion from the above observations is that (c ij ) m annihilates all configurations on bonds {i, j} with a total of less than m dimers on it or surrounding it, analogous to Eqs. (D8), (D15), (D16) and (D20). For example, if a configuration has N i dimers connecting site i to a site different from j, N j dimers connecting site j to a site different from i and N ij dimers connecting sites i and j, the action of (c ij ) m can be written as
where the sites {p l } and {r n } are assumed to be distinct from j and i respectively. For example, the spin-2 configurations shown in Figs. 20c and 20d are annilated by (c ij ) 4 since they have a total of three dimers on and around the bond {i, j}.
Another useful configuration that we have used in our calculations is if N i + N j = m and N ij = 0. As discussed above, since each c ij annilates a dimer connected to either of the sites i or j, up to an overall constant, the scattering equation reads
This is analogous to Eqs. (D9), (D17) and (D18). In Eq. (G3), all the dimers connected to sites i and j are annihilated. For example, the spin-2 configuration shown in Fig. 20e scatters to the one shown in Fig. 20f under the action of (c ij ) 2 . Thus the term (c † ij ) m (c ij ) m in a Hamiltonian acting on such a configuration results in a configuration where the m dimers around bond {i, j} move on to bond {i, j}. where the symmetric and non-symmetric scattering configurations are defined in Fig. 21 and Fig. 22 respectively. An exact state similar to the Arovas A state of the spin-1 AKLT model can be constructed from a superposition |2A n (y) of A 2 n and |AG n , defined as |2A n (y) = A 
leading to 
where L = 2N . In the last equality we have used the fact that the sum over ground states vanishes with momentum k = π/2, 3π/2. Similarly, a triplet exact state |ψ 1M was first introduced in Eq. (8) of Ref. [48] , as
where |Φ p (M ) is the configuration where the cell p comprises of a spin triplet with S z = M whereas the other cells are spin singlets. Using Eq. (I3) to express |Φ p (M ) in terms of spin-1/2s, we obtain |Φ p (M = 1) = |t 2p−1 .
The exact state up to an overall normalization factor can be written as
where |t n is defined in Eq. (104). 
The symmetries of the Hamiltonian H
O are the same as that of H except for the momentum quantum number k since translation symmetry is explicitly broken. As discussed in Sec. II B, with open boundary conditions, the ground state comprises of dangling spin-1/2 degrees of freedom at the edge (Fig. 24) . There are four degenerate ground states: three with s = 1, where the two dangling spin-1/2s form a triplet state with S z = 1, 0, −1 and one with s = 0, where the dangling spin-1/2s form a singlet. The s = 0 ground state is thus identical to the ground state of the AKLT Hamiltonian with PBC, i.e., |G of Eq. (9) (Fig. 2) . In the Schwinger boson notation, the S z = 1 (highest weight) state of the triplet ground state is written as
Spin-2 Magnon
In an AKLT spin chain with OBC, spin-2 magnons 2 annihilates all states with S z = -1 on spin n and S z ≥ 0 on the edge spins in the ground state G O (see Fig. 24 ). Moreover, since the projector P is an exact excited state of the AKLT chain with triplet open boundary conditions for all system sizes L. This state has an energy E = 2 and spin s = 3. The operator expression for the state is given by
where N is a normalization constant. is a state with no dimers, and hence the highest excited ferromagnetic state with E = L − 1 and s = L.
Spin-S AKLT ground state
Similar to the spin-1 AKLT Hamiltonian for OBC in Eq. (J1), the spin-S AKLT Hamiltonian for OBC is defined as
(J7) For OBC, the ground state of the spin-S AKLT model has S free Schwinger bosons on the edge spins, or, equivalently, one dangling spin-S/2. The highest weight ground state with s = S (shown for S = 2 in Fig. 26 ) can be written as
Spin-S AKLT Tower of states
For OBC with the edge spins having s = S, the spin-2S magnon SM O n is proportional to (S + n ) 2S SG O , similar to the magnon |SM n defined for PBC in Eq. (83). As discussed in Sec. VII B, the scattering equation of the spin-2S magnon Eq. (84) is similar to that of the spin-2 magnon described in Eq. (30) . This similarity holds for OBC too.
where λ S is the same proportionality constant defined in Eq. (83). The generalization of the OBC spin-S tower of states then follows by the same arguments as those in Sec. J 3. The spin-S tower of states thus exists for all L has a spin s = (2N + 1)S and energy E = 2N .
